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ABSTRACT 
This paper gives a proof of the fact that the chromatic number of an orientable 
surface of genus p is equal to the integral part of (7 + x/1 + 48p)/2 whenever the 
latter is congruent to 11 modulo 12. 
1. INTRODUCTION 
The closed orientable surface of genus p, designated by S~, has a 
standard mathematical  model  consisting of the surface obtained by 
attaching p handles to a sphere. In the flavor of coloring problems, a 
cellular decomposition of Sv is called a map on S~, and each 2-cell a 
country. We say that two countries are adjacent if they have at least 
one 1-cell of the decomposit ion i common. 
Given a map M on S~, a coloring of M is an assignment of one color 
to each country of  M subject to the sole restriction that no two adjacent 
countries are assigned the same color. Each coloring of M uses a certain 
number of  colors. The min imum of these numbers for all colorings of M 
is called the chromatic number of M and designated by x(M). The maximum 
of the numbers x(M) for all maps M on S~ exists, and is called the 
chromatic number of S~ , and designated by x(S~). Thus, if X(S~) = n and 
M is a map on S~, then M can be colored using at most n colors; on the 
other hand, there exists a map 341 on S~ such that x(MI) ~- n. 
One of  the most famous problems in mathematics is the question: 
"What  is X(So), the chromatic number of the sphere ?" The total available 
information is that x(S0) = 4 or 5, and the indefiniteness in the answer 
has lasted for almost a century. 
On the other hand, x(S1), the chromatic number of the torus, has been 
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known to be 7 since 1890 when Heawood [2] established the result. In the 
same paper Heawood stated the general inequality 
X(G)~ [ 7+ ~/12 q-48p ] if p > 0, (1) 
where the notation [a] stands for the largest integer not greater than a. 
Statement (1) is know as the Heawood theorem and the assertion that 
equality holds in (1) is the Heawood conjecture. 
It was announced in [7] that the Heawood conjecture has been con- 
firmed. In this paper we prove the result for those p such that the right 
side of ( l )  is congruent to II modulo 12. 
The problem is attacked in dual form. If K is any (finite) graph, then 
y(K), the genus of K, is the smallest number p such that K can be (topo- 
logically) imbedded in S~. The imbedding of K in S, is called a minimal 
imbedding. A minimal imbedding of K in S,, has the property that each 
component of S~ -- K is an open 2-cell (see Youngs [8]) and hence gives 
a cellular decomposition of S~. Therefore, the Euler formula may be 
used to compute p = y(K). We propose to apply these observations to 
K,, the complete graph with n vertices and (~) arcs, each pair of vertices 
being connected by an arc. 
An elementary computation shows that 
r(KO = (n -- 3)(n - -4 )  
12 + ~(A + 2A + 3A + ...), (2) 
where f~ is the number of polygons in the decomposition with i sides. 
As an abbreviation, define 
_ -  l! - _ I 12 
where {a} denotes the smallest integer not less than a. Now (2) implies that 
y(K,~) > I(n) for n > 3. (3) 
In fact (3) is called the complete graph theorem and the statement 
v(K,,) = I(n) for n ~ 3, (4) 
the complete graph conjecture. 
A fairly straightforward argument shows that the truth of the complete 
graph conjecture confirms the Heawood conjecture (see [7]). 
The right side of (4) suggests that there may be 12 cases to the complete 
graph conjecture depending upon the residue class of n (mod 12). If  
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n = 12s4-k  with 0~k~l l  we say we are dealing with Case k. In 
conformity with earlier comments, if (4) is true for Case k then the 
Heawood conjecture is true for those p such that the right side of (1) is 
congruent o k modulo 12. 
The complete graph conjecture was confirmed without exception early 
this year and for a short history of  the solution the reader is referred to [7]. 
In this paper we deal with Case 11; the evolution of its solution is worthy 
of  some comment. 
The basic idea in all cases is to strive for a triangular imbedding of K, 
in a surface S; that is, an imbedding with the property that each component 
of  S --  K,, is a triangle. I f  this can be done, then fi = 0 for i 7> 3 in (2) 
and (n -- 3)(n -- 4) ------ 0 (mod 12). But (n -- 3)(n -- 4) ------ 0 (mod (12) if 
and only if n = 0, 3, 4 or 7 (rood 12)--these are called the regular cases-- 
and hence no triangular imbedding of K, is possible in Case 11. 
The next principle is to modify K~ so as to obtain a graph K for which 
a triangular imbedding is not incompatible with the Euler formula. 
Suppose, in fact, that K is a graph without loops and multiple edges 
which is triangularly imbedded in an orientable surface S. Then the 
imbedding is minimal (see Youngs [8]). I f  a~ is the number of/-cells in 
the resulting decomposition of  S, then using y(S) to denote the genus of  
S the Euler formula states that 
s0 - -  ~ i+%-- - -  2 - -2y(S) .  
Since each 2-cell is a triangle, 3~ ---- 2al and hence 
6y(K) = 6y(S) ---- 6 -- 3% q- ~ .  (5) 
In case n = 12s + 11 the graph K, --  K 5 , obtained by removing from 
K, the 10 arcs spanning a fixed set of  5 vertices of Kn, is at first sight an 
appropriate modification since, in this case, (5) becomes 
y(K,~ -- Ks) = y(S) = (n q- l)(n -- 2) 
12 
and (n + 1)(n - -  2) = 0 (mod 12) i fn  = 11 (rood 12). 
In fact, if we can obtain a triangular imbedding of  Kx2~+al -- K5, then 
~(K12s+n -- Ks) = 12s 2 + 15s + 3. 
Obtaining such an imbedding is called the regular part of the problem. 
On the other hand, by the complete graph theorem (3), 
y(K12s+I1) >~ I(12s + 11) = 12s 2 + 15s + 5. 
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Hence, 1.7" we can accommodate the 10 missing arcs of K~ without 
adding more than 2 handles to S we will have Y(Klzs+n) ~< 12s 2 + 15s § 5. 
And this will prove that y(K12~+11) = I(12s + 11) as desired. Modifying S 
so as to obtain an imbedding of K~2s+n in the new surface of genus 
y(S) -~- 2 is called the irregular or additional adjacency part of the problem. 
These problems are interrelated. A solution of the regular part does not 
guarantee that the irregular part can be solved. One must obtain a 
particular kind of solution to the regular part--the solution must in fact 
be "tailored" to fit the structure of the irregular part. 
In practice, the irregular part of the problem is tackled first. Then, 
and only then, does one determine what is required of the solution to 
the regular part so as to be able to solve the additional adjacency problem. 
These requirements may be called boundary conditions on the regular 
solution. Several sets of boundary conditions had been determined, and 
solutions to the regular problem found for some values of s, when Richard 
Guy visited Santa Cruz early in December, 1967. Working within the 
limits of one set of our boundary conditions he was able to solve the 
regular problem in six subcases if s ) 5. The subcases depended on the 
residue class of s modulo 6. This was a combinatorial triumph. By the 
end of the year, working with the same boundary conditions we were 
able to reduce the number of subcases to 4. This was a useful but not 
spectacular accomplishment. Moreover, it still left the cases s ~< 5 
unresolved. During and after a conference in Ann Arbor at the end of 
February, 1968, we re-examined the irregular part of the problems mainly 
for the purpose of finding solutions for some of the exceptional values ofs. 
Fortunately we discovered an attack on the irregular part which imposed 
boundary conditions making the regular problem solvable in a single 
case for all s > 1. The boundary conditions in question are found in the 
displayed parts of Figures 4 and 5. 
It should be noted that for s = 0 and I a proof that 
y(K12.s+11) = I(12s q- 11) 
is impossible using our methods. However, Heffter [3] proved the formula 
for s = 0 and recently the remarkable work of Mayer [4] settled the 
matter if s I. 
2. ILLUSTRATIONS OF THE METHOD 
As an introduction to the regular part of the theory consider the classic 
imbedding of /s in a toms. The complete graph theorem states that 
7(K7) ) 1, while Figure 1 shows that y(KT) ~< 1 ; consequently, (KT) = l. 
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FIGURE 1 
Observe that vertex 0 is joined to the other vertices in a cyclic order 
given by the selected orientation on the torus, namely, 1 3 2 6 4 5. Similarly, 
for each i = 1 ..... 6, the order in which i is joined to the other vertices 
provides us with a cyclic permutation of these vertices. These observations 
may be summarized in what is called a scheme: 
O. 1 3 2 6 4 5 
1. 2 4 3 0 5 6 
2. 3 5 4 1 6 0 
3. 4 6 5 2 0 1 
4. 5 0 6 3 1 2 
5. 6 1 0 4 2 3 
6. 0 2 1 5 3 4 
(6) 
The scheme satisfies the following rule R*. I f  in row i there is 
i. . . .~k[3 . . .  
then in row k one has 
k. "'" ~ i ~ "'" 
This need not be checked for each i and each k % i; it follows imme- 
diately from the fact that we have a triangular imbedding (see Figure 1). 
The above remarks are much more general than the application to K~. 
Suppose K is any graph (without multiple arcs and loops) with vertices 
va,..., v~,. A scheme for K consists of  n rows where row v~ is a cyclic 
permutation of all the vertices of  K joined to vT~ by arcs of K. A triangular 
scheme for  K is a scheme which satisfies R*. If K is imbedded in an oriented 
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surface so as to tr iangulate the surface, then the imbedding gives rise, 
exactly as above, to a tr iangular scheme for K. 
It is much more important o note that, conversely: 
Any triangular scheme ,for K determines a triangular imbedding of K 
in an orientable surJace S (see Ringel [4]). 
Hence we can concentrate on tr iangular schemes rather than in the 
generally hopeless task of drawing particular imbeddings as was done 
in Figure 1, Moreover,  as stated in the introduction, we wish to obtain 
a tr iangular imbedding of K in S because then y(K) ~/(S). 
In (7) we exhibit a triangular scheme for K~0 - K:~, the graph obtained 
from Kx0 by deleting the three arcs connecting three vertices x, y, z. The 
other vertices are identified by the numbers 0 to 6. 
0. 1 x 6 2 y 5 4 z 3 
1. 2 x 0 3 y 6 5 z 4 
2. 3 x 1 4 y 0 6 z 5 
3. 4 x 2 5 y I 0 z 6 
4. 5 x 3 6 y 2 1 z 0 
5. 6 x 4 0 y 3 2 z 1 
6. 0 x 5 1 y 4 3 z 2 
x. 0 1 2 3 4 5 6 
y. 0 2 4 6 1 3 5 
z. 0 4 1 5 2 6 3 
(7) 
The scheme determines a 
orientable surface S. 
Referring to (5) we have % 
triangular imbedding of  / (10-  Ka in an 
.... 10 and ~1 -- 42, hence 
~(K lo -  g3)  = ~,(S) :,, 3. 
It is possible to join x, y, and z by adding I handle to S (see Ringel [6]). 
Hence "y(Klo) ~ 4; on the other hand ~/(K10) :~: I(10) .... 4. Thus )'(K~0) --  4. 
The reader will have noticed that the tr iangular schemes for K, and 
Klo - -  Ka have the attractive property that all the in[ormation is carried 
in row O. Row i is obtained by adding i modulo 7 to each integer in row 
0 without changing the order. 
Rows x, y, and z in (7) are determined by the requirement that R* be 
satisfied. For  example, 0. "" 1 x 6 ' "  implies x. -." 6 0 1. and 1..- .  2 x 0 
implies x. "-' 0 1 2 .... which is not incompatible with prior information. 
Proceeding in this fashion we arrive at the recorded permutation. 
In the terminology of the general theory (see Gustin [1] and Youngs [9]) 
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we have an index 1 solution for K7 and /(10 --  Ka using Z7 the additive 
group of integers modulo 7. 
A word must be said about the manufacture of  index 1 solutions. The 
reader is referred to [9] for motivation and details. However, we prefer to 
use the results as a nomogram to construct row 0 of a triangular scheme 
for certain graphs. As an illustration consider Figure 2. 
f5 H 7 (0 
y . . . . . . . . .  4 -  . . . .  ~ . ,, . +-""  " 
I b 4 8 5 
FF.I URE 2 
The reader familiar with [9]--in particular, pages 350 and 351--can 
see that this is a vortex graph T(Z3o/Zao) and determines a triangular 
imbedding of K~ 5 -- K~; in an orientable surface. Our stated purpose, 
however, is to show how Figure 2 is used as a nomogram. 
First observe that the arc at the extreme right of  the diagram has only 
one vertex. It is regarded as representing a loop and is called a singular arc. 
Now interpret the numbers on the diagram as elements of Z30 and note 
that they are distributed over the diagram in such a way that: 
I. Each element 1 ..... 15 of Z:~ oappears exactly once, and 15, the element 
of order 2, appears on the singular arc. 
In continuing our discussion of the example K12s~n - - /s  s = 2, we 
shall emphasize certain properties Of Figure 2 by marking them with Roman 
numerals. There will be six such properties and they guarantee not only 
that we obtain a triangular scheme for s z 2 but, using an appropriately 
larger diagram, for all s ~> 2. 
We propose to interpret he diagram of Figure 2 as a road map over 
which a trip is to be made. if the traveler goes, for example, from the 
fourth to the fifth vertex on top he moves along highway number 10; 
if he makes the trip in the opposite direction he goes along highway 
number ---10. These are d(fferent highways. I f  he comes to a vertex 
designated by an empty (filled in) circle o (e) he treats is as a traffic circle 
in which he travels in a counterclockwise (clockwise) direction and makes 
his exit by the first highway he encounters. We say there is a rotation at 
each vertex. 
We propose to keep a log of the various trips available to the traveler 
under the above rules. This log will consist of the succession of highways 
along which he moves and the letters x, y, a, b, and c. The latter may be 
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regarded as interesting items of scenery which are recorded in the log 
as encountered; for example 
-.. 13 x --13 ... and . . . .  2 a -1  . . ' .  
In keeping the log we regard the highway numbers as coming from the 
group Za0 ; hence, for example, we may record ... 13 x 17 ... instead of 
9 .- 13 x --13 . . . .  Note that highway number 15 has no directional arrow 
on it and, as stated earlier represents a loop. If the traveler starts at the 
right-most vertex of the triangle, call it V, and moves to the right he goes 
to the "free" (or non-vertex end) and returns to V~the log carries the 
notation 15. 
We can now write down the complete log starting with 15 and using 
positive representations for the highway numbers. It is: 15, 6, 16, 25, 22, 
18,11, 13, x, 17,28, a, 29, y, 1, b, 26 ,8 ,3 ,23 ,  12,4, c, 2 ,19 ,7 ,  10,24,9,  
14, 20, 27, 5, 21. The traveler is now back at V ready to start out again on 
the same trip. 
Since each highway has been traversed (and we emphasize that highways 
k and - -k  are distinct for k ~ 1 ..... 14) this is the only trip he can make. 
We say that: 
II. The rotations induce a single circuit. 
Now regard the log as row 0 of a scheme in which the "numerical" 
part of row i is obtained by adding i modulo 30. A word must be said 
about the placement of the letters. First the positions occupied by x and y 
are unchanged but the letters a, b, and c are permuted as follows 
0. "" 13 x 17 28 a 29 y 1 b 26 "" 4 c 2 
1. "" 14 x 18 29 b 0 y 2 c 27 "" 5 a 3 
2. "" 15 x 19 0 c 1 y 3 a 28 ..- 6 b 4 
3. -.. 16 x 20 1 a 2 y 4 b 29 ... 7 c 5 
4. ..- 17 x 21 2 b 3 y 5 c 0 .-. 8 a 6 
~ 1 7 6  
. ~  
~ 1 7 6  
o , ~  
Reading down through the successive rows under the letters a, b, c we 
have the cyclic permutation (a b c). 
So much for the numerically identified rows. The "letter" rows are 
determined by the requirement that R* be satisfied. This dictates that 
x. 0 13 26 . . . . . .  21 4 17 
y. 29 28 27 . . . . . .  2 1 0 
a. 29 0 28 2 3 1 26 27 25 
b. 26 0 1 29 3 4 23 27 28 
e. 2 0 4 5 3 7 29 27 1 
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It is important  o observe that every number (but no letter) appears in 
the rows identified by letters. This is so because: 
I l l .  The highu,ay numbers leading into x and y (in this case 13 and l) 
are generators o f  Z3o 9 
IV. The numbers leading into abc (in this case 1,4, and --2) are congruent 
to each other but not congruent o 0 modulo 3 and their sum (in this case 3) 
generates the subgroup o f  Z30 consisting o f  all elements divisible by 3. 
The vertices at x, y, and abc are called vortices in the general theory 
(see [9]). 
Note that, because of I and II, in row i every number other than i and 
every letter is found. Hence the scheme is for K35 --  K5 where the vertices 
of K5 are identified by letters and the remaining vertices by the elements 
of: Z30. 
We shall prove that the scheme is triangular. 
Before doing so it is convenient o have a rule equivalent o R* called 
the rule o f  triangles and denoted by A *. I f  in row i there is 
i. . . . s i c . . .  
then in row k one has 
k. ... i s . . . .  
It is obvious that if a scheme for K satisfies R* then it satisfies A*. We 
shall prove the converse. 
Suppose 
i. ... sk i3  . . . .  
Then by A* 
k. ... i s  ... 
and 
13. ... i k  . ' . .  
Applying A* to row 13 we have 
k. "" 13 i - " .  
Since K has no multiple edges i appears exactly once in row k. Hence we 
have 
k. . . .13 is . . .  
and R* holds. 
Now for a proof  of the fact that the scheme,for K3s Ks satisfies A*. 
Suppose we have 
i. ' "  s h"  "'-. 
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It is a simple exercise to show that all is well if any of the above symbols 
is x, y, a, b, or c - - the  letter rows were constructed so as to satisfy R*. 
It is also easy to see that it suffices to consider only the case i = 0. 
Hence the ordered pair  ~, k represent two successive highways in the log. 
At  the end of h ighway ~ and the beginning of  h ighway k there is a traffic 
circle where the rotat ion may be assumed to be clockwise. Moreover  
the traffic circle is not  at x, y, or abc and:  
V. Each vertex in the diagram other than x and y is of valence 3. 
The local picture is shown in F igure 3, where h ighway ~ appears to be 
FIGURE 3 
unknown.  We do know,  however, that row 0 will be 
O. ... a k . . . .  k - - s  r ..- 
if k is not  of order 2 and 
O. ... ~k- -s  r ".. 
if k is of  order 2. In  any event we have 
k . . . .0  k - -~ . . . .  
And now comes a crucial observat ion about  F igure 2. 
VI. At each vertex of valence 3 except the vortex abc the sum of the 
numbers identifying the highways entering the vertex is 0 in Z~o. 
Under  these circumstances we say that Kirchhoff's Current Law is 
satisfied. 
The observat ion means that c~ ,-[- ~: - -  k = 0 or k - -  ~: = c~. Hence we 
have 
k . . . .  0 c~ ... 
and A* is satisfied. 
Hence we have a triangular imbedding of K3.~- Ks in an orientable 
surface S. 
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Referring to Figure 2 there are other selections of rotations which 
induce a single circuit, hence other ways of satisfying II. There are also 
other distributions of the elements 1,..., 15 of Z30 such that properties I,
Ill, IV, and VI hold. Each of the above choices gives a triangular scheme 
for K~ 5 - -Ks ,  and thus solves the regular part of the problem. The 
trouble is that, in general, the irregular part is impossible. The solution 
presented in detail above is tailored to fit the requirements imposed by the 
irregular part of the problem. 
In conformity with the general theory we shall hereafter speak of 
currents rather than highway numbers. 
3. THE GENERAL SOLUTION OF THE REGULAR PROBLEM 
Our object is to find a triangular scheme for Ka2,+~I -- Ks. To this end 
we use the ladder-like graphs of Figure 4 and Figure 5. In each case there 
are 2s vertical arcs or rungs of which three are shown. 
6s + I 6s - I 7 6s - 2 
9 9 - -9  6s+2 
o c 3 
I b 4 6~-4 5 
65 +3 
FIGURE 4 
6s * I 6S - I 6S - 4 5 
2 9 9 9 6s-9  6s+2 
Y I b 4- ~ 6s - 2 
6s+3 
FIGURE 5 
Note that V of the Section 2 is satisfied by these graphs. Where rotations 
are not displayed, place 9 on the upper horizontal and 9 on the lower. 
It is easy to see that these rotations induce a single circuit principally 
because there is an even number of verticals. Hence II is satisfied. 
We shall fix our attention on Figure 4 but the comments to follow apply 
equally well to Figure 5. The displayed currents are elements of Za2~+~. 
There are 6s + 3 arcs in the ladder-like graph and the current 6s T 3 is 
found on the singular arc at the extreme right. It is a trivial task to complete 
58217/x-6 
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the ladder diagram by distributing all the unused elements of Z12~+6 
from the list 
1 ,2 ,3  .... 6s§  1,6s+2,6s+3 (8) 
on the undisplayed arcs. Thus item I can easily be satisfied. We propose to 
make the distribution, however, so that Kirchhoff's Current Law, VI, is 
sati,sfied at each new vertex. This is already the case at all displayed vertices 
except hose at x, y, and abc. These last satisfy I l I  (since 6s + 1 generates 
Z128+6) and IV. 
I f  we can solve the distribution problem so that VI is satisfied, then 
a precise duplication qf  the steps used in K35 K~, will produce a triangular 
scheme for  K12s+11 -- Ks. 
The task is by no means trivial. It is helpful to consider those elements 
in (8) which are divisible by 3: 
3 ,6 ,9  ..... 6s -- 3, 6s, 6s + 3. (9) 
Of these 6, 6s -- 3, 6s -- 9, and 6s + 3 are already displayed, and we 
have left 2s --  3 currents from the collection (9) to place on the diagram. 
Since there are 2s -- 3 undisplayed rungs, this suggests distributing the 
remaining current on the undisplayed rungs. 
If  this can be done then the currents on the sides of the ladder must be 
congruent to 1 or 2 modulo 3. Moreover, if t is a horizontal current then 
the horizontal current on the paired arc directly above or below it must 
be 6s -t- 3 -- t and point in the same direction as t. This is because VI 
must be satisfied and the current on the extreme right of  the diagram is 
6s+ 3. 
Hence the currents in (8) congruent o 1 or 2 modulo 3 must be con- 
sidered in pairs: 
Pk :3k4-  1 and 6s -  3k- I -2 ,  k = 0 ..... 2s. 
In regard to P0 the current 1 is used at the extreme left and its pair 6s + 2 
on the right-most rung; as for P28, both currents are used at the left. 
The pairs P1, Pz,  and P2s-1 also appear in Figures 4 and 5, in each case 
on paired arcs. There are 2s 4 undisplayed paired arcs and the same 
number of unused current pairs. Therefore a fit is not a priori impossible. 
In exhibiting a fit, a device already used by Gustin and Youngs in their 
unpublished work on an approximate solution of the Heawood problem 
is very useful [9, pp. 318, 347, 348]. 
Suppose we have a solution of  the distribution problem so as to satisfy VI 
with currents congruent to 0 modulo 3 on the undisplayed rungs. 
SOLUTION OF THE HEAWOOD MAP-COLORING PROBLEM--CASE 11 83 
Let us call the central part of the diagram that part between the three 
arcs on the extreme left and the triangle on the right. Reading the central 
part from left to right we obtain an alternating sequence of current pairs 
(on paired arcs) and multiples of 3 on intervening rungs. I f  we write r 
instead of 3r for each multiple of 3 and call r a quotient hen the sequence 
will have the following form: 
/)1 "'" Pu r P,  "- Pz 2s - -  3 P2~-x (I0) 
where the first and the last three entries are already on the diagrams. 
For example, the alternating sequence obtained from the solution to 
K35 -- Ks (Figure 2) is P1 4 P2 1 P3. 
Several properties of (10) are worthy of note, and all but the fourth are 
eagy to check. 
SI. The sequence begins with P1 and ends with P~ 2s -- 3 Pzs-1 9 
$2. The current pairs are distinct and exhaust he collection Po, 
P~,...,P.,s-~,P~.,. 
The notation d means that a is omitted. 
$3. The quotients are distinct and exhaust he collection 1, 2, 3,..., 2s -- 2, 
2s- -  1, 2s. 
Before calling attention to the fourth property it is convenient to define 
a few terms and made some preliminary observations. 
We have seen that P~ in the central part must have both directional 
arrows pointing in the same direction. Letdir(Pi) be this common direction. 
We say that Pi and Pj are transposed if dir (P~) = dir (Pj) and contraposed 
otherwise. 
Suppose that, in the assumed solution to the distribution problem, 
we reduce all the currents modulo 3. Then each current pair Pk becomes 
the pair Pk = (1, 2) and dir (Pk) = dir (P~). In particular, dir (P1) is to 
the left in Figures 4 and 5 and hence the same is true of dir (px). Moreover, 
the current 1 is on the lower arc. 
The reduced current on each rung is 0, and Kirchhoff's Current Law 
holds for the reduced currents. Hence if P~ and/ '1 are transposed then the 
current 1 of the pair Pk is on the lower arc of the paired arcs carrying Pk 
and points to the left. I f  P~ and P1 are eontraposed then the current 1 of 
the pair Pk is on the upper arc of the paired arcs carrying Pk and points 
to the right. 
This shows in particular tl~at the required endings of Figures 4 and 5 
are not incompatible with the assumption of the existence of our particular 
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form of  solution to the distr ibution problem. Indeed, no other endings 
are possible, modulo 3. 
It is convenient o define two quotients q and r to be complementary 
if their sum is 2s q- 1. Thus the quotients 2 and 2s --  1 missing in $3 are 
complementary.  
And now we propose to show: 
$4. I f  P~ r P~ occurs in the sequence then r - -  I u - -  v ] or its complement. 
Suppose first that P .  and P~ are transposed on the diagram. The 
preceding discussion shows that there are only two possibilities (Figure 6). 
6s-  3u +2 6S-3v  § 2 3u ~ I 3v + I 
3r  3r 
3u ~ I 3v~ I - 6s 3u + 2 6s- 3v + 2 
FIGURE 6 
Recall that VI holds and 0 < r ~ 2s. Since 0 < r, if u ~ v then the 
arrow on 3r must point down and 3u+ 1 = 3v+ 1 F 3r; i fu  <v  the 
arrow on 3r must point up and 3v + 1 = 3u + 1 + 3r. Hence i f  Pu and P~ 
are tranposed then r = I u --  v ]. 
Now suppose that Pu and P ,  are contraposed. There are only two 
possibilities (Figure 7). Since r ~ 2s, if u > v then the arrow on 3r must 
Cos 3u+2 3v+l  %*  6S-3~ ~2 
3r 
3u+l 6S-3v+2 
!3r 
] 
65-30+2 3v . l  
FIGURE 7 
point up and 3r ----- 6s + 3 - -  3(u - -  v); if u < v, then the arrow on 3r 
must point  down and 3r ~ 6s + 3 --  3(v - -  u). Hence i f  Pu and P~ are 
contraposed then r --- 2s + 1 -- I u -- v I. 
To summarize, we have shown that, i f  we have a solution o f  the distri- 
bution problem so as to satisfy VI with currents congruent o 0 modulo 3 
on the undisplayed rungs, then we have an alternating sequence (I0) 
satisfying S 1 through $4. 
SOLUTION OF THE HEAWOOD MAP-COLORING PROBLEM--CASE l | 85 
For our purpose it is the converse o f  the above statement which is 
important, and we no w proceed to show it is true. 
Suppose we have an alternating sequence (10) having properties S1 
through $4, and that the first three terms are/ '1 k Ps 9 Then k = I 1 - - f l  
or its complement. 
i f  k = [ 1 - - f  I, place the current pair P|  on the first undisplayed paired 
arcs so that P1 and P~ are t ranposedand 3 f§  1 is on the lower arc. 
If k - -  2s+ 1 -- ] 1 - f [ ,  place the current pair P i so that  P land  PI 
are contraposed and 3 f - -  1 is on the upper arc. 
In each case the current 3k can be placed on the intervening rung so 
that V| is satisfied at the new vertices. (See the discussion on $4.) 
Proceeding sequentially in this fashion we come to P2 and place the 
current pair on the diagram. Earlier discussion has shown that this 
placement must agree with the given placement of P2 in Figure 4 or in 
Figure 5. 
in fact, it is easy to see that we shall end as in Figure 4 (Figure 5) i f  there 
are an odd.(even) number o f  triples P,~ r P~, hi the sequence such that 
r=2s+l - - ]u - -v ! .  
As examples of  solutions in case s = 3, 4, 5 consider 
P1 4 /'4 6 Pa 1 P2 3 Pa 
P, 4 P,  6 Pa 8 P4 1 P~ 3 P2 5 P7 
P1 4 P8 6 Pa 8 P6 10 P5 1 P4 3 P7 5 P'2 7 P9 
And now the pattern is clear. For general s the sequence P1, Pa, 
P5 ..... P2~-1 is dovetailed with the sequence P,,~-2, P2.~-4, P2,~ 6 "'" P2. 
The sequence of intervening quotients is 4, 6, 8, ... 2s; 1, 3, 5 ..... 2s -- 3. 
It is clear that the even quotients give rise to currents on rungs between 
contraposed pairs, the odd quotients to transposed pairs. Since there are 
s -- 1 even quotients this means that if s is even we end as in Figure 4 
and if s is odd as in Figure 5. 
There is obviously no solution if s -  1 with the required ending 
P2 2s  - -  3 P> 1 9 However, consider Figure 5 with s = 1 and omit that 
portion of the diagram on the right consisting of  the arcs with currents 
6s -- 4, 7, and 6s -- 9. What remains now on the right agrees with the 
currents 6s -- 1 = 5 and 4 on the left. We thus obtain a diagram with 
2 rungs which, as in the example Ka5 -- Ka, yields a triangular scheme 
for K2a -- K~. The trouble is that we cannot complete the irregular part 
of  the problem for this scheme and must rely on the work of Mayer [4] 
fo rs= l. 
In summary, we have shown how to construct a triangular scheme for  
K,2~+11 -- K~ (f  s > O. 
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4. COIL AND ZIGZAG DIAGRAMS 
We should say a word about the method by which the alternating 
sequences were discovered. Here again a nomogram employed by Gustin 
and Youngs in work referred to above is of great help. 
Consider a P-axis drawn horizontally with integral positions 0,..., 2s 
marked on it with dots. Now suppose we are given an alternating sequence 
P1 rl Pi2 r., Pi3 "'" P2 2s -  3 P2~-1 
satisfying S1 through $4. Start on the P-axis at P ~ 1 and draw an arch 
under the axis to P -- i2 9 (We could equally well have this first arch above 
the axis.) Label the arch r l .  Because the sequence satisfies $4 we know 
that rl = I 1 -- izl or its complement. Now pass across the axis with an 
arch from P = i2 to P ~ i3 and label the arch r~. Again r~ = ] is -- i3[ 
or its complement. Continuing in this fashion we obtain a coil, or con- 
tinuous path, consisting of a sequence of arches. 
The four properties of the alternating sequence are reflected in the 
following four properties of  the derived coil: 
CI.  The coil begins at P~ 1 and ends with an arch f rom P= 2 to 
P ~- 2s -- 1 labeled 2s -- 3. 
C2. The coil does not pass through the same dot more than once, but 
does pass through all the dots at P ~ 6, 1, 2 ..... 2s --  2, 2s -- 1, 2s. 
C3. No two arches have the same label, but the labels exhaust the col- 
lection 1, 2, 3 ..... 2s -- 2, 2s - -  l, 2s. 
C4. I f  an arch o f  the coil joins P ~ u to P -- v then the arch is labeled 
by what is called its length, I u -- v I, or the complement o f  its length. 
It is obvious that, i f  we have a coil satisfying C1 through C4 for  some s, 
then f rom it we can construct an alternating sequence with properties S1 
through $4 fo r  the same s. 
Hence, to obtain a triangular scheme for  K12s+u - -  Ks it suffices to solve 
an appropriate coil problem. 
The advantage that a coil has over an alternating sequence is that it is 
easy for the eye to check all four required properties. A mere glance 
serves to verify C1, C2, and C3. That an arch is labeled by its length is 
easily checked, and the fact it is labeled by the complement of its length 
is not much more difficult. 
In fact, in arriving at the solutions presented below, the preliminary 
argument went somewhat as follows. Arches labeled by numbers 
1, 2, 3 , . ,  2s -- 2, 2s- -  1, 2s have to be used, 2s --  2 arches in all. An 
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arch of  length r can be labeled r or 2s q- 1 - - r ;  hence, in particular, 
the coil problem can perhaps be solved by using 2s - -  2 arches of  lengths 
1, 3, 5 ..... 2s - -  7, 2s - -  5, 2s - -  3 
where each of these odd lengths occurs twice. After constructing the coil, 
if that venture succeeds, any one of the arches of  length2k-  1 
(k = 1,..., s --  2) can be labeled 2k - -  1 and the other 2s -}- 1 - -  (2k --  1). 
The exception for k = s - -  1 occurs because of C l - - the  last arch (from 
P - -  2 to P = 2s - -  1) must be labeled 2s - -  3, its length, hence the other 
arch of  length 2s - -  3 must be labeled 4. 
We wish to stress the terms in particular used above. Other solutions 
are possible (see below for s = 5). The solution using only arches of odd 
lengths gives an attractive double spiral that obviously generalizes to all 
s from the solutions for s ~ 2, 3, 4, 5 presented below. The dots 0 and 
2s on the P-axis are crossed out because C2 states that the coil cannot pass 
through them. It is convenient to display the dot at which the coil starts 
by 9 and terminates by ~. (Figure 8). 
~2 
I 
4 
7 
~:3  • __K -~ • s :5  x • 
4 
4 
s=4 
5 
4 
FIGURE 8 
The coils obviously generalize for all s > 1. We have indicated only the 
labels required by C1. The associated alternating sequences are a multitude. 
In the previously presented alternating sequences (derived from these 
coils) we have elected to label thefirst occurrence of  an arch of  odd length 
2k § 1 by its complement 2(s - -  k) but this is not obl igatory except, of  
course, for the label 4 on the first arch. 
To show that there are solutions to the coil problem with some arches 
of even length consider the solution below for s = 5. Arches of lengths 
1, 1, 3, 3, 4, 5, 6, and 7 are used. One of  the arches of  length 1 (length 3) 
must be labeled 10 = 2 9 5 + 1 - -  1 (8 = 2 9 5 + 1 - -  3), otherwise the 
labels are the lengths. 
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The coil in Figure 9 will give rise to four different alternating sequences 
(and thus four triangular schemes for K71-  Ks) depending upon the 
selections of the labels on the arches of lengths 1 and 3. 
S~5 
7 
FIGURE 9 
The authors could find no solutions for s ~ 6, which generalized on 
the above solution for s = 5. Past experience offers much evidence, 
however, that general solutions other than the double spiral probably 
exist. In searching for such solutions the multiple crossings of the arcs are 
a source of possible confusion, and it is convenient to "stretch out" the 
the arches of Figure 9 in an equivalent zigzag diagram (Figure 10). 
•  
J 
I 
J 
FIGURE |0  
Quadrille paper is especially useful for this purpose and the reader is 
invited to test his ingenuity. 
Property C2 is more difficult for the eye to check at a glance, but the 
advantages of not having overlapping coils appear to discount he optical 
disadvantages of the zigzag approach. 
5. THE ADDITIONAL ADJACENCY PROBLEM 
The solution of the regular problem gives us a triangular imbedding of 
K12~+11 -- K~ in a surface S of genus I(12s + 11) -- 2. The object of this 
section is to accomodate the 10 arcs of K5 by adding 2 handles to S in 
order to obtain a minimal imbedding of K12~+11, and thus prove that 
~'(K12s+11 ) = I(12s + 11). (See Introduction.) 
It is convenient to consider the dual decomposition of the discovered 
triangular imbedding of K~2s+n -- K~ in S. This may be regarded as a map 
on S with 12s-~- 11 countries. 
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Each country contains exactly one vertex of g12s+l l -  K 5 and is 
identified by the name given that vertex, and each 0-cell of  the 1-skeleton 
of  the decomposition is of  valence 3. 
Any two countries are adjacent unless both countries are in the 
exceptional set of  the five countries a, b, c, x, y. The complete triangular 
scheme for K12,+11 -- K5 generated by Figure 4 or 5 can be interpreted as a 
scheme describing the dual decomposition. 
For the additional adjacency problem, the required information is 
obtained from the displayed parts of  Figures 4 (ifs is even) or 5 (ifs is odd); 
the distribution of currents on the undisplayed arcs is irrelevant. 
The left side of  Figure 4 or 5 gives us that part of  row 0 recorded below 
and, in addition, useful parts of  other rows. 
~ 
1. 
2. 
3. 
4. 
x 6s+5 12s+4 a 12s+ 5 y 1 b 12s§  ... 
12s+5 b 0 y 2 c "'" 
0 c 1 y 3 a "" 
1 a 2 y 4 b "- 
2 b 3 y 5 e --- 
. o .  
12s + 4. 
12s + 5. 
~ 1 7 6  
y 12s + 5 c 12s "" 
y 0 a 12s+l  ... 
This provides a partial picture (Figure 11) of the map on S around the 
countries 0, 3 and 4. 
FIGURE 11 
58z/7/x-7 
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t 3~_) o \ / 
FIGURE 12 
/ 
4 c_D 
\ 
First modification. We modify the map S as illustrated in Figure 12. 
The country t is a new country that will be used later. Notice that we have 
gained the adjacencies 
(a, y), (b, y), (a, x) (11) 
but lost the adjacencies 
(0, 1), (0, 12s + 4), (0, 6s + 5), (b, 4). (12) 
The adjacency (2, 3) merely changed its position in the total map. 
First handle. Next we consider the map of Figure 13 on a torus. 
Notice that 0 appears to be in four parts but is, in fact, a single country. 
Go to Figure 12 and excise the country 0. Do the same with country z of 
FIGURE 13 
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Figure 13. Identify the boundaries of the resulting surfaces in the obvious 
way. After this there is a new country named 0, that is adjacent to the same 
countries as the old country 0 in Figure 12. 
Notice that we have gained the adjacencies 
(a, b), (b, c), (b, x), (c, y), (b, 4), (a, 4). (13) 
The last adjacency is extra in the sense that it already exists elsewhere 
on the map. 
Second handle. Now excise the country t in Figure 12 and the country q 
in Figure 13. Identify the boundaries of the resulting two surfaces as 
illustrated in Figure 14. Note that this does not create a non-orientable 
surface. 
x ~ 6 s  + 5 
FtGURE 14 
By this operation we gain seven adjacencies 
(a, c), (c, x), (x, y), 
(14) 
(0, 12s + 4), (0, 6s § 5), (y, 6s -k 5) (c, 12s -k 4). 
The last two adjacencies are extra. 
It is well to pause and make an accounting of the adjacencies. From (11), 
(13), and (14) we see that all the countries identified by the letters a, b, c, x, 
y are now adjacent to each other. In doing this we have lost the adjacencies 
listed in (12). But in (13) we regained the lost adjacency (b, 4), and in (14) 
the lost adjacencies (0, 12s + 4) and (0,6s + 5). Hence only (0, 1) 
remains missing. However, in addition, we have the extra adjacencies (a, 4), 
(y, 6s § 5) and (e, 12s + 4). We propose to "exchange" the original 
adjacency (c, 12s + 4) for an adjacency (0, 1), and to this end need to 
determine the position of the original adjacency (c, 12s -k 4) in the map. 
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Final modification. If  s is e~,en then the right side of Figure 4 gives the 
following portion of row 0: 
0. ... 6sq  3 6 6sq-4  12s§  1 6s+ 10 -... 
Using Figure 5 if s is odd gives: 
0. ... 6s+ 10 12s+ 1 6s - -4  6 6s+3 .... 
One is obtained from the other by a complete reversal in the order of the 
five numbers involved. Bearing this in mind, i fs is even we have 
6s+3.  ... 0 6s+9 1 ... 
12s+ 5. ... 6s - -3  12s 6sq-9  ".- 
and the opposite order in rows 6s + 3 and 12s _L 5 if S is odd. Using the 
above and row 12s + 4 from the earlier displayed portion of the scheme 
we obtain the local picture in the upper section of Figure 15 if s is even. 
If  is odd reverse the orientations displayed in the center and at the right 
of Figure 15. 
u t ] 
c l 12s .4  12s ! 12s+5 6s+9 , + 
A\  
j J  L2s~. j"  
/ . ~ , / /  
\ .  t2~+s~ "'-- es+3~J "~ c /" 
' A ~ CP-- i 12s*4  12s / ._ 12S+5 - 
i i ~ I 
/ 12s , . .~  6s+9~. \  
F~GURE 15 
Notice that we have found the original position of  the extra adjacency 
(c, 12s § 4). The map is modified as shown in the lower half of  Figure 15. 
The result of this modification merely changes the position of the 
adjacencies (12s + 5, 12s) and (6s + 9, 6s 4- 3). The important hing is 
that we recover the remaining lost adjacency (0, 1). 
The situation now is that we have a map on a new surface T and 
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y(T)  = ~,(S) + 2. The map has 12s + 11 countries each adjacent o all 
the others; in fact there are 2 adjacencies (a, 4) and 2 adjacencies (y, 6s -k 5). 
The dual of this decomposit ion of T is a graph that contains K12s+lx 
as a subgraph obtained by deleting one of the two arcs joining a to 4 
and one of the two arcs jo ining y to 6s + 5. 
This proves that ~(K12s+l~) = I(12s + I1) for s > 1. 
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